Rotational Motion Under Constant
Angular Acceleration

For objects that rotate with a constant angular
acceleration, there are a few equations, called
the kinematic equations for angular motion, that
you can use to determine the angular position or
angular velocity of the object at any point in

time.



8 — angular position
w — angular velocity
a — angular acceleration
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A wheel rotates with a constant angular acceleration of 3.5rad/s’
If the angular speed of the wheel 1s 2.00 rad/s at t = 0,
(a) through what angle does the wheel rotate in 2.00 s?

(b) Through how many revolutions has the wheel turned during
this time interval?

(¢) What angular speed of the wheel at t=2.0 s ?




A compact disc rotates from rest up to an angular speed of 31.4 rad/s
in a time of 0.892 s.

(a) What 1s the angular acceleration of the disc, assuming the
angular acceleration 1s uniform?

(b) Through what angle does the disc turn while coming up to
speed?

(¢) If the radius of the disc 1s 4.45 cm, find the tangential speed of a
microbe riding on the rim of the disc when t = 0.892 s.

(d) What 1s the magnitude of the tangential acceleration of the

microbe at the given time?
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Torque

m A torgue is an action that causes objects to rotate.
m Torque is not the same thing as force.

m For rotational motion, the torque is what is most
directly related to the motion, not the force.




m Jorque, 7, is the tendency of a force to rotate an object about some
axis

m LetF be aforce acting on an object, and let r be a position vector
from a rotational center to the point of application of the force, with F
perpendicular to r. The magnitude of the torque is given by
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m The Sl units of torque are N'm
m forque is a vector quantity
m forque IS given by

r=rFsin@=Fd

m Torque will have

— If the turning tendency of the force is counterclockwise, the torque will
be positive

— If the turning tendency is clockwise, the torque will be negative




Net Torque

The force will tend to cause a counterclockwise rotation about O
The force  will tend to cause a clockwise rotation about O
ZT: Tl+ TZZFj_dl - F2d2

If 27+ 0, starts rotating

If 2 7= 0, rotation rate does not change
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General Definition of Torque

The applied force is not always perpendicular to the position vector

The component of the force perpendicular to the object will cause it to
rotate

When the force is parallel to the position vector, no rotation occurs

When the force is at some angle, the perpendicular component
causes the rotation
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General Definition of Torque

m Let F be a force acting on an object, and let r be a position vector from
a rotational center to the point of application of the force. The
magnitude of the torque is given by

r=rFsing &
.

g

m 0=0" or0=180" :
torque are equal to zero

m 0=90" or0=270" : magnitude of torque attain to the maximum




Periodic Motion

m Periodic motion is motion of an object that regularly returns to a
given position after a fixed time interval

m A special kind of periodic motion occurs in mechanical systems
when the force acting on the object is proportional to the position
of the object relative to some equilibrium position

m If the force is always directed toward the equilibrium position, the
motion is called simple harmonic motion




Motion of a Spring-Mass System
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A block of mass m is attached to a spring, the block is free to move
on a frictionless horizontal surface

Use the active figure to vary the initial conditions and observe the —X

resultant motion

|
When the spring is neither stretched nor compressed, the block is at (i ,
2 i e T

the equilibrium position x=0

Hooke’'s Law

= x=()
Hooke's Law states F, =-kx — 1
« Fsis the restoring force (c) mew_ﬂ;
It is always directed toward the equilibrium position -,
Therefore, it is always opposite the displacement “‘j 0

from equilibrium Bt
k is the force (spring) constant
X is the displacement



Acceleration

The force described by Hooke's Law is the net force in Newton’'s Second Law

FHooke — 7 Newton
—kx = ma,
a, = _K X

m

» The acceleration is proportional to the displacement of the block

» The direction of the acceleration is opposite the direction of the displacement from
equilibrium

» An object moves with simple harmonic motion whenever its acceleration is
proportional to its position and is oppositely directed to the displacement from

equilibrium



Simple Harmonic Motion-
Mathematical Representation

Model the block as a particle
» The representation will be particle in simple harmonic motion model
« Choose x as the axis along which the oscillation occurs

Acceleration
dv  d*x a-= _ —KX
a=—=—— — 2 —
dt  dt2 at m

We let

@ = Then a = -w?x

K
m
The particle motion is represented by the second order differential equation

d?x
dt?

= —w?x



Simple Harmonic Motion - graphical
Representation

A solution is x(t) = A cos (wt + ¢)
A, w, ¢ are all constants

A cosine curve can be used to give physical significance to these
constants

A is the amplitude of the motion

This is the maximum position of the particle in either the po§itive or
negative direction '

w is called the angular frequency

Units are rad/s ‘V“i_ : _7\ /\ ,

¢ Is the phase constant or the initial phase angle \/ \/




Period

* The period, T, is the time interval required for the particle to
go through one full cycle of its motion

** The values of x and v for the particle at time t equal the
values of x and v at t + T because the phase increase by

2m rad in time interval of T T 27
“w(t+T)—wt=2mrthen -

Frequency B

« The inverse of the period is called the frequency PP N %7/—%

» The frequency represents the number of /\\ /\ /\
oscillations that the particle undergoes per unit \/ \/ ’
time interval A |-

» Units are cycles per second = hertz (Hz) f 1 W =




Summary Equations - Period and

Frequency
“*The frequency and period equations can be rewritten to
solve for w 2

c:z>:27rf:T

“*The period and frequency can also be expressed as:
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Motion Equations for Simple
Harmonic Motion

Simple harmonic motion is one-dimensional and so directions
can be denoted by + or - sign

X(t) = A cos (wt+0)

V= ax =—wAsIn(e» t+ o)

= —(a)QACOS(('o t+ o)

dt

d’x
a=—
dt?




Maximum Values of v and a

m Because the sine and cosine functions oscillate between
+1, we can easily find the maximum values of velocity and
acceleration for an object in SHM

V . = OA= \/E A
m

K
8oy = 0°A=—A
m




Energy of the SHM Oscillator

the total energy is constant
The kinetic energy can be found by
K =% mv? = %2 mw?A? sin? (wt + ¢)

The elastic potential energy can be found by

vV V Vv V VYV VY

U =1 kx 2 = 75 kA2 cos? (wt + ¢)

Assume a spring-mass system is moving on a frictionless surface

» Assume a spring-mass system is moving on a frictionless surface
» the total energy is constant

» The kinetic energy can be found by

» K=1%mv2= Y mw?A2sin2 (wt +¢)

» The elastic potential energy can be found by

» U=Y%Kkx?2= Y kA2 cos? (wt + )



Energy of the SHM Oscillator

The total energy is E=K + U = Y2 kx 2 + %2 mv?2 = Y2KkA2

* The total mechanical energy is constant

* The total mechanical energy is proportional to the square
of the amplitude

* Energy is continuously being transferred between
potential energy stored in the spring and the kinetic
energy of the block

* Use the active figure to investigate the relationship
between the motion and the energy

* Eenergy of the SHM Oscillator,

As the motion continues, the exchange of energy also
continues

Energy can be used to find the velocity K, 5 5
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Simple Pendulum

m A simple pendulum also exhibits periodic motion
m [he motion occurs in the vertical plane and is driven by &
| 0

gravitational force
m The motion is very close to that of the SHM oscillator

a Ifthe angle is <100 ) ) k
: -
m T The forces acting on the bob are the tension and the ~—e_l_S . &
weight mg SI
" g is the force exerted on the bob by the string ’ Y mg cos 0
m s the gravitational force mg

m The tangential component of the gravitational force is a
restoring force




Simple Pendulum, In the tangential direction,

d?s

F, :—mgsinezmw

S=06L

The length, L, of the pendulum is constant, and for small values of 8 ,sin 8 =6

d?e : ,
— = —gsmﬁ :—gb’
dt L L
Simple Pendulum, The function 6 can be written as x(f) = A cos (wt + ¢ l\
I
6 =0 ,,.C0S (wWt+0) :H
The angular frequency is ) T
o \P :
=, |— |
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The period is e S B
mgsin 6
0
T = 27 =27 £ | mgcos 6



Physical Pendulum,
The gravitational force provides a torque about an axis through O
The magnitude of the torque is mgd sin 6

Physical Pendulum

If a hangin%objegt oscillates about a fixed axis that does not pass through the center of
mass and the object cannot be approximated as a particle, the system is called a

physical pendulum
It cannot be treated as a simple pendulum

Pivot

I is the moment of inertia about the axis through O Sy

From Newton second law,

Assuming @ is small this become dt?

. d?e
—madsing =/ —
g dt?

d’e _‘ ngd ‘(y = -0’0 ;



SOLUTION

Conceptualize Study Figure 15.6 and imagine the block moving back and forth in simple harmonic motion once it
is released. Set up an experimental model in the vertical direction by hanging a heavy object such as a stapler from a
strong rubber band.

Categorize The block is modeled as a particle in simple harmonic motion.

Analyze
/ k 500N
Use Equation 15.9 to find the angular frequency of the W= ,[== \/ ‘ /T = 500 rad/s
. ) m 200 X 10 " kg
block-spring system:
. . . 2w 2w
Use Equation 15.13 to find the period of the system: IF=—=———= 126s

@ 500rad/s




Analyze Use Equaton 15.21 10 express the total energy
of the oscillator system and equate it to the kinetic
energy of the system when the cartis at x = (k

Solve for the maximum speed and substitute numerical
values:

E = }kA* = dmol

[k,  [200N/m B
O \/:A ‘/_O.SOOkg (0,030 0m) = 0.190 m/s



