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15-1 Simple Harmonic Motion

Leammg ObJeCtlveS 15.04 Identify (displacement)

15.01 Distinguish simple amplitude x,, phase constant
harmonic motion from other (or phase angle) ¢, and
types of periodic motion. phase wf + ¢.

15.02 For a simple harmonic 15.05 Sketch a graph of the
oscillator, apply the oscillator’s position x versus
relationship between position time £, identifying amplitude
x and time ¢to calculate X,, and period 7.
either if given a value for the 15.06 From a graph of position
other. versus time, velocity versus

15.03 Relate period 7, time, or acceleration versus
frequency 7, and angular time, determine the amplitude
frequency w. of the plot and the value of

the phase constant 4.
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15-1 Simple Harmonic Motion

15.07 On a graph of position 15.09 Given an oscillator’s

xversus time fdescribe position x(7) as a function
the effects of changing of time, find its velocity
period 7, frequency 7, /(1) as a function of time,
amplitude x,, or phase identify the velocity
constant ¢ amplitude v, in the

result, and calculate the

15.08 Identify the ph - ' i
5.08 ldentity the phase velocity at any given time.

constant ¢ that

corresponds to the 15.10 Sketch a graph of an
starting time (t=0) being oscillator’s velocity v

set when a particle In versus time £, identifying
SHM is at an extreme the velocity amplitude v,,

point or passing through
the center point.
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15-1 Simple Harmonic Motion

15.11 Apply the relationship the acceleration at any
between velocity given time.
amplitude v, angular

frequency o, and
(displacement) x,, 15.13 Sketch a graph of an

oscillator’'s acceleration a
versus time ¢, identifying
the acceleration amplitude
am.

15.12 Given an osclillator’s
velocity () as a function
of time, calculate its
acceleration a(t) as a
function of time, identify
the acceleration
amplitude a,,in the result,
and calculate
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15-1 Simple Harmonic Motion

Learning Objectives acceleration a, angular
continued frequency o, and
15.14 Identify that for a displacement x.

simple harmonic oscillator 15.16 Given data about the
the acceleration g at any position x and velocity v
Instant Is a/lways given by  at one instant, determine
the product of a negative the phase of+ ¢ and
constant and the phase constant 4.
displacement xjust then.

15.15 For any given instant
In an oscillation, apply the
relationship between
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Learning Objectives 15.18 Apply Hooke's law to
Continued relate the force Fon a
simple harmonic oscillator
at any instant to the
displacement x of the
oscillator at that instant.

15.17 For a spring-block
oscillator, apply the
relationships between
spring constant A and
mass /m and either period
7 or angular frequency o.
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15-1 Simple Harmonic Motion

« The frequency of an oscillation is the number of times
per second that it completes a full oscillation (cycle)

« Unit of hertz: 1 Hz = 1 oscillation per second

« The time Iin seconds for one full cycle Is the period
1

[ = —. Eq.(152)
« Any motion that repeats reqgularly is called periodic

« Simple harmonic motion is periodic motion that is a
sinusoidal function of time

x(t) = x,,cos(wt + ¢p)  Eq.(153)

© 2014 John Wiley & Sons, Inc. All rights reserved.
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Rotating the figure reveals
that the motion forms a
cosine function.

X O

Q

This is a graph of the motion,
with the period T indicated.

o . I e

Time (¢
\/ i .

Displacement

S

The speed is zero at
extreme points.

/\

Displacement

\/\ Time (1)

at x=0.
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15-1 Simple Harmonic Motion

« The value written x_ is how far the particle moves in
either direction: the amplitude

« The argument of the cosine is the phase

« The constant ¢is called the phase angle or phase
constant

Displacement

Phase—\
_ _ x(1) = x,, cosia)t+q§)\
. The angular frequency is written w —— / /
Time

motion at r/=0

. It adjusts for the initial conditions of "itzne’f

Amplitude
Angular Phase
frequency constant
or phase

_ angle
Flgure 15-3 Copyrigh John Wiley & Sons, Inc. Al right d g
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15-1 Simple Harmonic Motion

« The angular frequency has the value:

277'

@ = 3 = 27f.  Eq.(15-5)

The amplitudes are different, The amplitudes are the
but the frequency and same, but the frequencies
period are the same. " and periods are different.

xlm
x"l
0
-X Im
This negative value

xm COS wi = Xm COS W(r + T). x shifts the cosine

t

AN NN
ALY | AKX

Displacement
Displacement

.\
=~

(a)

curve rightward.
- __ T
J— £
o(t+T)=wt+ 27 : :

LN N

é X [ ¢ =0

) T — 27]—. This zero gives a
(¢) regular cosine curve.
Copyright © 2014 John Wiley & Sons, Inc. All rights reserved. FI g U re 15'5

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-1 Simple Harmonic Motion

m Checkpoint 1

A particle undergoing simple harmonic oscillation of period 7 (like that in Fig. 15-2) is
at —x,, attime t = 0.Isit at —x,,, at +x,,,at 0, between —x,, and 0, or between 0 and
+x,, when (a) t = 2.007,(b) t = 3.507,and (c) t = 5.25T?

Answer: (a) at-x_ (b)atx_ (c)atO

The velocity can be found by the time derivative of the
position function:

v(t) = —wx,,sin(wt + ¢) Eq. (156

 The value wx _ Is the velocity amplitude v

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-1 Simple Harmonic Motion

« The acceleration can be found by the time derivative
of the velocity function, or 2"? derivative of position:

a(t) = —w’x,, cos(wt + @)  Eq.a57)

=

. The value u’x  is the acceleration

I gt ™  Extreme
amplitude a § 0\\// B
2, | | | here
. Acceleration related to position: = " = mean .
1% | | |
b, s i E : zelro
— 2 g ; i values
a(t) == = X(t). Eq. (15-8) C ! 4 e
m : - : : and ...
“ | | |
o +a)2xm - | | |
'% M extreme
< 0 ' t values
j;’ —2%,, / \K here.
F i g u r e 1 5 B 6 Copyright © 2014 John Wiley & Sons, f\c(:‘)All rights reserved.
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15-1 Simple Harmonic Motion

AN

"' In SHM, the acceleration a is proportional to the displacement x but opposite in
sign, and the two quantities are related by the square of the angular frequency w.

IZ Checkpoint 2

Which of the following relationships between a particle’s acceleration a and its
position x indicates simple harmonic oscillation: (a) a = 3x2, (b) a = 5x, (¢) a = —4x,
(d) a = —2/x? For the SHM, what is the angular frequency (assume the unit of rad/s)?

Answer: (c) where the angular frequency is 2

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-1 Simple Harmonic Motion

« We can apply Newton's second law

F =ma = m(—w’x) = —(mw?)x. Ea.(59

ey Relating this to Hooke's law we see the similarity

"' Simple harmonic motion is the motion of a particle when the force acting on it is
proportional to the particle’s displacement but in the opposite direction.

o Linear simple harmonic oscillation (Fis
proportional to xto the first power) gives:
k

= ./~ (angular frequency). Eq. (15-12)
m

T = 2, /% (period). Eg. (15-13)

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-1 Simple Harmonic Motion

IZ Checkpoint 3

Which of the following relationships between the force F on a particle and the parti-
cle’s position x gives SHM: (a) F = —5x, (b) F = —400x?, (c) F = 10x, (d) F = 3x2?

Answer: only (a) is simple harmonic motion

(note that b is harmonic motion, but nonlinear and not SHM)

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-2 Energy in Simple Harmonic Motion

Learning ODbjectives

15.19 For a spring-block 15.21 Sketch a graph of the
oscillator, calculate the Kinetic energy, potential
kinetic energy and elastic energy, and total energy of a
potential energy at any given spring-block oscillator, first as
time. a function of time and then

as a function of the

15.20 Apply the conservation oscillator's position.

of energy to relate the total

energy of a spring-block 15.22 For a spring-block
oscillator at one instant to the oscillator, determine the

total energy at another block's position when the
Instant. total energy is entirely kinetic

energy and when it is entirely
potential energy.

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-2 Energy in Simple Harmonic Motion

« Write the functions for kinetic and potential energy:
U(t) = 5 kx? = 2kxZ, cos?(wt + }). . /?i””“” A

\U(t)
Eq. (15-18)

Energy

K(t) = 3mv? = sk, sin’(wt + ¢).
@ As time changes, the

Eq . (15-20) energy shifts between

the two types, but the

[ ) Thelr Sum IS d@flﬂ@d by total is constant.

U(x) + K(x)

E= U"‘K:%kxlzn \ U(x)
Eq. (15-21) N\

—Xm 0 +X,
(b)

Energy

As position changes, the
energy shifts between

Fi gure 15-8 the two types, but the

total is constant.

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.
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15-2 Energy in Simple Harmonic Motion

x=10 +X,, Figure 15-7

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.

In Fig. 15-7, the block has a kinetic energy of 3 J and the spring has an elastic potential
energy of 2 J when the block is at x = +2.0 cm. (a) What is the kinetic energy when
the block is at x = 0? What is the elastic potential energy when the block is at (b)
x=—20cmand (c) x = —x,,?

Answer: (a)5J (b)2J (c) 5J

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

Learning ODbjectives

15.27 Describe the motion of
an oscillating simple
pendulum.

15.28 Draw a free-body
diagram.

15.29-31 Distinguish between
a simple and physical
pendulum, and relate their
variables.

15.32 Find angular frequency
from torque and angular

displacement or acceleration

and displacement.

15.33 Distinguish angular
frequency from dé at.

15.34 Determine phase and
amplitude.

15.35 Describe how free-fall
acceleration can be
measured with a pendulum.

15.36 For a physical
pendulum, find the center of
the oscillation.

15.37 Relate SHM to uniform
circular motion.

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

« Asimple pendulum: a bob of mass m suspended
from an unstretchable, massless string

Pivot

. Bob feels a restoring torque:

7= —L(F,sin ), Eq 524

« Relating this to moment of inertia:
mgL

a = — 9. Eg. (15-26)

« Angular acceleration proportional
to position but opposite in sign

This

component
This \4 merely
component Iy pulls on
brings the the string.
bob back
to center.

Figure 15-11

© 2014 John Wiley & Sons, Inc. All rights reserved.

()

Copyright © 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

« Angular amplitude &_ of the motion must be small
« The angular frequency is:

mglL
w=,/——:
Il

« The period is (for simple pendulum,

/= mlL?):
| L
T =2m7,./— Eg.(15-28)
g F _sin 0

g

° AphySICaI pendUIUm has This component
a complicated mass distribution Prngsthe

pendulum

\

back to center. s N x
Fg

Figure 15-12

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

« An analysis is the same except rather than length L
we have distance Ato the com, and /will be particular
to the mass distribution

« The period is: 7
T — 277' s Eqg. (15-29)
N mgh

« A physical pendulum will not show SHM if pivoted
about its com

« The center of oscillation of a physical pendulum is the
length L, of a simple pendulum with the same period

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

« A physical pendulum can be used to determine free-
fall acceleration g

« Assuming the pendulum is a uniform rod of length L.:

_ 2 — 1 2 lry2 — 1 2
I =1,y + mh*=5mL* + m(GL)” = smL-.
Eqg. (15-30)

. Then solve Eq. 15-29for g~ 87°L

g = . Eq. (15-31)
M Checkpoint 5

37T
Three physical pendulums, of masses m, 2m,,, and 3m,, have the same shape and size
and are suspended at the same point. Rank the masses according to the periods of the
pendulums, greatest first.

Answer: All the same: mass does not affect the period of a pendulum

© 2014 John Wiley & Sons, Inc. All rights reserved.



Sample Problem 15.05 Physical pendulum, period and length

0
In Fig. 15-13a, a meter stick swings about a pivot point at ]
one end, at distance i from the stick’s center of mass.
: . L h
(a) What 1s the period of oscillation 77 o
Calculations: The period for a physical pendulum is
given by Eq. 15-29, for which we need the rotational —s|C \

inertia [ of the stick about the pivot point. We can treat L
the stick as a uniform rod of length L. and mass m. Then P
Eq. 15-30 tells us that / = imL? and the distance A in

Eq. 15-29 is1L. Substituting these quantities into Eq. 15-29,
we 1ina |

; > (a) (0)
T =2,/ = 2ﬂ\f 3 (15-32)
mgh mg(zL)
2L |
= 2, /g (15-33)

2)(1.00m)
(3)(9.8 m/s?)

Note the resultis independent of the pendulum’s mass m.

© ZU14 Jonn vviley & S0ns, INC. All rignts reservea.

= 1.64s. (Answer)

= 21



L, 2L

I'=2ma,|— =2m,|—.
g 3g
You can see by inspection that
Ly= 3L

= (3)(100 cm) = 66.7 cm.

© 2014 John Wiley & Sons, Inc. All rights reserved.



15-4 Pendulums, Circular Motion

« Simple harmonic motion is circular motion viewed

“edge-on

"' Simple harmonic motion is the projection of uniform circular motion on a diame-
ter of the circle in which the circular motion occurs.

« Figure 15-15 shows a reference particle moving in
uniform circular motion

. Its angular position at any time is wt+ @

Figure 15-15

© 2014 John Wiley & Sons, Inc. All rights reserved.



y P’ is a particle Rk )
H 1 H | \Wx,,
moving in a circle. | 0L+ 6
|
il
| |
ot + O — | | Wl +¢—
le—d
0 s 0 (1) P 0
P is a projection This relates the
moving in SHM. velocities of
Pand P-.

(a) (b) (¢)

pyright © 2014 John Wiley & Sons, Inc. All rights reserved.
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This relates 1

acceleration:
P and P..



15-4 Pendulums, Circular Motion

« Projecting its position onto .x.
x(t) = x,,cos(wt + ¢),  Eq 539

« Similarly with velocity and acceleration:
V(t) — T WX, Sin(wt + ([5), Eq. (15-37)

a(t) = —w’x,, cos(wt + ),  Ea 539

« We indeed find this projection is simple harmonic
motion

© 2014 John Wiley & Sons, Inc. All rights reserved.



15 Summary

Frequency Simple Harmonic Motion
. 1 Hz = 1 cycle per second . Find vand a by differentiation
Period 1 X(I) = X, COS((UI ol Cb) Eq. (15-3)
I = f Ea.052 21
w = —— = 27f. Eqg.(15-5)
T
The Linear Oscillator Energy
E . Mechanical energy remains
W= ,|— Eq. (15-12) constant as K'and U change
m

. K=% mZ2 U="% k¢

T = /% Eq. (15-13)

© 2014 John Wiley & Sons, Inc. All rights reserved.



15 Summary

Pendulums Simple Harmonic Motion
- 277\/1 cq. (15.23) and_Uniform Circular
K Motion
= 27r\/Z Eq. (15-28) «SHM is the projection of UCM
. onto the diameter of the circle in
T— o, /ngh Eq. (15-29) which the UCM occurs

© 2014 John Wiley & Sons, Inc. All rights reserved.



